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ABSTRACT

9, IO]. However, unlike the case with static timing, it is not so easy
to see how to represent the essential statistics. For example, it is
easy to add two normal distributions; it is not easy to extract the
dominant eigenvalues from a matrix whose entries are themselves
correlated normal distributions, and represent this as yet another

We show how recent advances in the handling of correlated interval
representations of range uncertainty can be used to predict the impact of statistical manufacturing variations on linear interconnect.
We represent correlated statistical variations in RLC parameters
as sets of correlated intervals, and show how classical model order
reduction methods - AWE and PRIMA - can be re-targeted to compute interval-valued, rather than scalar-valued reductions. By applying a statistical interpretation and sampling to the resulting compact interval-valued model, we can efficiently estimate the impact
of variations on the original circuit. Results show the technique
can predict mean delay with emors between 5.10%. for correlated,
RLC parameter variations up to 35%

1. INTRODUCTION

-_

normal distribution.
Historically, there have been three different avenues of attack on
the statistical interconnect modeling problem:
Monte Carlo Simulation: with a sufficiently fast modeling
tool, (e.g., RICE [Ill), we can randomly sample the space
of manufacturing variations and direcrly estimate the distrihution for the overall interconnect delay using efficient smvlinp
. -techniques. This can be very accurate, but very. expen.
sive with large designs and a large number of random parameters. We seek a faster method. and are willine to accem
some concomitant loss of accuracy.
I

-

With continued technoloev scaline. semiconductor desiens are
increasingly sensitive to random manufacturing variations, and the
scale of these unavoidable variations continues to increase relative
to the so-called “nominal” outcomes we would prefer. This growing problem is compounded by the tact that different manufacturing
steps can affect each dieglobally (perturbing all circuit components
in the same way) or locally (perturbing spatially nearby clusters of
components in the same way), and that these individual variations
may be arbitrarily correlated [I].
Against this background, it is perhaps no surprise that static timing analysis is the design step most intensely studied for how it can
be enhanced to handle today’s mix of correlated variations [Z,3,
4, 5.61. First, static timing analysis is still “the” essential sign-off
step in many designs; a statistical engine fits neatly into today’s design flows. Second - and more relevant to our work in this paper
- static timing depends on a very small number of essential statistical “operators”. If we can efficiently represent the distribution
of arrival times at each input of a gate, we need only be able to
compute sums and maximums of these distributions to propagate a
statistical model of worst-case timing through the network. Propagating a set of correlated normal delay distributions seems the most
successful approach today [3,4,5,61,in large part because the sum
and maximum of a set of normal distributions may be calculated (or
approximated) by another normal distribution.
The situation is much less satisfactory when we consider other
important analysis tasks which require a richer palette of computations to produce a useful result. Consider. far example, interconnect delay analysis. It is well understood that wire delay
is a vital component of overall circuit delay, affected in complex
ways by manufacturing variations [7]. Model order reduction techniques pioneered in the last decade work remarkably well to approximate complex interconnect with low-order linear models [8,
I
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Interval Analysis: rather than performing the calculations
of model order reduction on real-valued scalars, instead use
inrewals on the real line to approximate each statistical variation as a range (121. The idea is appealing, but has yet to be
shown to be practical. Interval calculations are notoriously
pessimistic, and attempts to date have been restricted to simplistic Elmore-style models that have a small closed-form.
Perturbation Theory: clearly the most successful strategy
to date, the idea here is to replace the matrix operations that
form the heart of most reduction methods (e.g., for calculating invariant subspaces) with an explicit variational form
based on ideas from classical matrixperturbation theory. As
noted in [13], these ideas have been successfully employed
in quantum mechanics for over 50 years. 1131 showed how
the PACT [9]and PRIMA [IO] reduction methods can be rendered in a variational form, and how modest sampling in the
space of manufacturing variations yields the data needed to
form a set of linear equations whose solution parameterizes
these variational models. This technique works with high accuracy on some important problems, e.g., clock tree analysis
[7]. However, as presented, the approach can handle only
global independent variations.

In this paper, we revisit the interval modeling idea, but show how
recent advances in the handling of correlated interval computations
provide the key piece of the puzzle missing in prior attempts, and
greatly reduce the error of the final calculations. In contrast to [12],
we replace the entire numerical “recipe” for AWE- and PRIMAstyle model order reductions with interval calculations, and show
what changes are needed in the algorithms to make this feasible.
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Finally, borrowing an idea from [13], we also use sampling as an
intrinsic p m of our reduction method. However, in contrast to [13],
our methods produce inrerval-valued transfer functions or eigensystems - interval poles and residues with an explicit correlation
structure. Sampling these intervals produces a set of scalar-valued
reduced order transfer functions or eigensystems which each approximate one sample of the variational behavior of the overall interconnect. The virtue of the approach is that the final low-order
model has much fewer variational terms than the original large interconnect, and can be quickly sampled.
Of course, the technique is not without its own new set of problems. Mis-estimation of interval endpoints and correlations creates a new source of errors, rather like floating p i n t roundoff errors, but more macroscopic. Stability and passivity are similarly
problematic. since essentially every calculation is now intervalvalued. Pathological combinations of scalar parameters may be
easily masked inside interval representations which "usually" -but
not always -give useful solutions. Approximating a statistical distribution with a range necessarily results in some loss of accuracy,
and requires some assumptions and approximations. And comparing interval-valued quantities for essential decision steps in algorithms creates a wholly new difficulty. We describe these problems,
and some empirical solutions, in the sequel.
The paper is organized as follows. Section 2 briefly reviews the
correlnted intervals model [14] we use to represent correlated statistical variations, its advantages and limitations. Section 3 details
our interval-based AWE and PRIMA algorithms. Section 4 shows
experimental results, comparing Monte Carlo estimates with estimates from interval-valued delay models. Finally, Section 5 offers
concluding remarks.

ficient x, gives the magnitude of that component. We note immediately that, in contrast to traditional interval methods defined by their
endpoints, affine intervals are defined by their central point 50,and
a set of symmetric excursions about this point. Still taking addition
as an example, if37 = X O + X I E ~+XZEZ and p= ~ O + ~ I E I + Y ~ E Z .
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which is again in an affine form. More importantly, we can see that
one symbol E* may contribute to the uncertainties of two or more
variables, indicating dependence among them. When these variables are combined, uncertainty terms may actually be cancelled.
Returning to the previous example, suppose that x and y have
affine forms 37 = 0 1~and y^ = -2 = 0 - 1 ~In. this case, the
affine form of the sum 0 = P 3 = 0 perfectly coincides with
the actual range of the variable z. This is the unique feature of the
model, and its central advantage over earlier interval methods.
Of course, the real problem is when an operation does not yield
directly an affine result. For example, multipIication of affine intervals Band cgives the product

+

+

which is nor in affine form any more, due to the quadratic uncertainty terms (E:=, x,~i)(C:=~
y i ~ , ) .According to [141, we can
approximate the quadratic uncertainty terms by
n
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2. MODELING WITH AFFINE INTERVALS
2.1 Basics of Affine Intervals and Arithmetic
Classical interval arithmetic was invented in the 1960s by Moore
1151 to solve range estimation problems in the presence of uncertainties. It has been the subject of extensive investigation, ranging
even to complex problems such as linear and nonlinear equations
expressed and solved over interval-valued variables [16].
In classical interval analysis, the uncertainty of a variable x is
represented by an interval 5 = [Eh,
Ehi]. The tNe value of x is
only known to satisfy Z.lo b x
5.hi. Basic arithmetic is redefined to yield interval solutions from interval operands, e.g., for
addition:
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where C is a new uncertainty symbol that is also in [-1, 11, but
)
distinct from a11 the other uncellainty symbols (€1, € 2 , . . . , E ~ that
have already appeared in the same computation. R is the "radius
operator", defined as

which computes the upper error bound of an affine variable. Note
that the substitution of [R(CY=, y&&)]<for the quadratic terms
implies a loss of information because C is assumed lo be independent fromEl,Ez,... , E , , ~ whileitisinfactafunctionofthem. The
result is in affine form again:

(1)

"

However, due to the lack of information about operand dependencies, a serious problem is over-estimation. To illustrate this, suppose 5 = 1-1, I], B = [-1, I], and that x and y have the relationship as y = -x. If we compute B = Z p, we can only obtain
z = [-2,2], while in reality z = x y = 0. This is a classical example of range explosion, when interval computations are pushed
through long chains of calculations.
This situation was not improved until a novel range arithmetic
model -affine arithmetic - was proposed in [14]. In contrast to
simple interval models, the affine arithmetic model preserves correlations among variables, in a form analogous to a first-order Taylor
series. In this model, the uncertainty of a variable x is represented
as a range in an affine form Z, given by
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which is a conservative approximation in the sense that it always
bounds the original lme affine product given by Equation 4.
[I41 develops suitable affine approximations for not only multiplication, but also division (assuming the denominator interval
does not include V), square root (assuming the operand interval
is strictly positive), and e x p ( . ) . The basic idea for handling nonaffine intermediate forms (such as for our multiplication example)
is to apply Chebyshev approximation or mid-range approximation
theory [14]; roughly speaking, we select an appropriate set of secants of the nominal function curve and manipulate these to parameterize an affine form to minimize the maximum absolute error of
the approximation.

< c

f= 20 X l E 1 XZEZ . . . X,E"
(-1
E;
1 ) (2)
Each uncertainty symbul E, stands for an independent component
of the total uncertainties of the variable x; the corresponding coef-
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2.2 From Intervals to Algorithms

One final piece of the approach we need to discuss is the assumed relationship between our interval models and the final, statistical models we seek. The affine interval model nicely handles
first order linear correlations between variables. captured via shared
uncertainty symbols. In their traditional development, these uncertainty symbols are independent and arbitrarily distributed within
[-1, 11, thus creating a set of symmetric excursions about each interval’s midpoint. However. what is not present in any of the traditional development of affine arithmetic is any specific distribution
assumption for these uncertainty terms.
This may seem odd, especially in comparison to recent work on
statistical static timing, in which the normal delay distribution assumption is cenrral to the computational plan. However, remember
that affine intervals are, first and foremost, intervals -emphasis is
on a conservative approximation to the range of the variational results we seek. Any specific probabilistic assumptions we add must
be layered on top of this basic model (e.g., as in 1201); they are not
part of the core computations as intervals move through each step
of a long chain of numerical calculations.
Obviously, the easiest interpretation for each E , is as a uniformly
distributed value within [-1, 11. This is simple, but it is unfortunately not very realistic for modeling manufacturing variations.
Hence, we choose the next most obvious interpretation, namely,
that each E , is a normal random variable, with p = 0 and v = 1.
Note that, unlike the uniform case, this now means that while our
calculations are done on “conservative” ranges, we evaluate any final interval-valued formula by sampling it with values that actually
extend outside each of these ranges. In other words, we adopt a
heuristic interpretation that the uncertainty terms each model the
This is a simple, but sur“bulk” of the distribution, between h~.
prisingly workable approximation. as we shall see in Section 4.

With these basic operations defined for correlated intervals. we
can do some remarkably complex numerical operations. A good
example is polynomial root-finding. Suppose we have a polynomial
over variable A, with affine interval valued coefficients C; (k = 0.
1.2,

. ,’ ,q):
p(X)=6

+ GX + +
’ (

’

(8)

&Aq

We want to extract affine interval-valued roots. Several methods
are available for the traditional scalar case, but following advice
in 117, 181, we might choose Laperre’s method, which requires
no explicit derivatives, and can be accomplished with a series of
only basic interval arithmetic operations and evaluations of interval
absolute value and square root. This method has favorable convergence properties for the scalar case, and is notably robust - it
is guaranteed to converge monotonically to a scalar root from an
arbitray starting point. We can use the scalar version as a simple
template for an interval-valued version.
f o r j = 1 , 2 , . . . ,q
,
.
6 = c^R, p = 0 , T = 0;
fork = q - 1, q - 2, .. , O

-

- -

end
A = -8fZ

- 8+ I j c ;
output j , Z,,&
if
- - - 5j < e then stop;
zu
znew

=

2.4 Modeling RZC Parameter Variations
Manufacturing process variations are random in nature and the
true causes are complicated. In general, the variations can be classified into two categories: global variation and local variation, as
in [l, 131. Global variations. such as critical-dimension (CO) variations, are inter-die and can be assumed to affect all the devices
and interconnect in a similar way within the same chip. Local
variations, such as metal width, metal thickness. and inter-layerdielectric (ILD) variations are inrra-die and often exhibit spatial
correlations, i.e., the device and interconnect parameters are affected similarly by a common source of variation when these physical elements are close enough to each other. Global variations used
to dominate local variations. As semiconductor technology scales
and die size grows rapidly, however, local variations are becoming
as important as global variations 111.
In this paper, we assume linear combinations of both global and
local variations for the interconnect parameters, i.e., resistance (R,),
capacitance (G),and inductance (L;),using the basic affine form
introduced earlier:

= ZnEW;

end

Figure 1: Laperre’s method.
are intervals; variables like q are
In Figure 1, variables like
scalars. C is an initial approximate root; %, are the intervalvalued roots; e is a pre-specified error tolerance. Figure 1 shows the
basic iteration, and also lets us highlight another crucial point. Replacing scalar arithmetic operations and function approximations
like
with a f h e intervals is necessary, but not sufficient for
most algorithms. We also must deal with decision steps which compare values. This presents no problems for the scalar case: either
x is bigger than y. or not, and so forth. But such questions are not
so well posed for interval-valued operands 9 and where specific
choices for a scalar element of the range may throw the decision
one way or the other.
To confront this, we make a simple, standard choice as in [191:
we always use rhe cenrral value of the intervalfor all decision steps.
Thus, if we need to compare 9 = xo
x i € , against y^ =
xo + E:=, y.~;. we do this by simply comparing scalar xo against
scalar yo. This is always well defined, and has another desirable
feature. As noted in 1131, it is highly desirable that, when statistical
variations are set to zero, a variational analysis algorithm should be
able to solve for the nominal case, i.e., to produce an answer that
is identical to the deterministic solution for the nominal case. By
using central values for all interval-valued decisions, we guarantee
this useful property.
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R; = Ri,o

+ E:=,

+CAR,,jej +
j=1

m

ARi,jcj
jd+l

+

”
A&.,€, ( 9 )
j=*+1

R,,o, C.,O,and L,,o are the nominal parametervalues. Each unique
source of global or local variation IS modeled by an uncertainty
symbol E,. A R,,,, AC,,,, and AL.,, are the magnitude of the

2.3 From Intervals to Statistics
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parameter variation due to a particular E ~ Any
.
individual source
of uncertainty may contribute to more than one parameter and thus
lead IO direct correlations among these parameters. Correlations
can have arbitrary polady as well. The equations shown above
simply emphasize the fact that any uncertainty symbol ~j can appear with positive or negative proportional impact in any of the
linear formulas for any R, C, and L. For example, when metal
width increases from its nominal value, the metal resistance is decreased while the metal ground capacilance may be increased. This
is a simple model, but it can capture global and local variations and
correlations, and it maps perfectly onto our preferred affine interval
model of computation.

consists of constants ones, negative ones, and zeros. which correspond to the variables of current induced by inductance and voltage sources. The interval-valued solution vector $ contains node
voltages appended by inductance and_voltage source current. The
output-selecting vector is denoted as 1.
Analogous to AWE, interval-valued AWE (or in short, inrAWE)
assumes a moment expansion for 2 and matches its first 2q intervalvalued moments by Pad6 approximarion where q is the order of
model reduction. The 2q interval-valued moments are used IO construct a qth-order interval-valued transfer function and compute the
corresponding interval-valued poles and residues. Figure 2 gives a
detailed description of the inrAWE algorithm.

3. INTERVAL-VALUED MODEL ORDER
REDUCTION

1. solve G O O = b for 0 0 ;

-

SOlVe GO, = - c e k - l for B k
end
3. obtain the moments at the output node of interest;
4. set up the Hankel matrix and vector;
5 . set the coefficients of the transfer function's denominator
polynomial = - (Hankel matrix)-'.(Hankel vector);
6. find the roots of the denominator polynomial as poles;
7. set up the Vandemonde matrix;
8. residues = - (Vandemonde matrix)-'.(moment vector);

In this section we develop interval-valued versions of the standard AWE [8] and PRIMA [IO] model-order reduction algorithms.
The overall strategy is easily summarized: we represent variational
circuit element values as affine intervals, and then push these interval values through the numerical linear and nonlinear solution steps
that comprise each algorithm. The goal -arrived at through different paths in these two algorithms - is a set of interval-valued poles
and residues. Our expectation is that the large number of parameters in the original un-reduced circuit will be replaced by a small
number of interval-valued coefficients in the final polelresidue form.
We statistically sample these final "reduced" intervals to produce an
estimate of the distribution of the original circuit's delay.

Figure 2: intAWE algorithm.

3.1 Interval-Valued AWE
Before beginning, it is worth commenting on why we include
any discussion of AWE, when more stable approaches such as PRIMA
already exist. The answer in our case is that the AWE "'recipe" was
numerically simpler, and thus an easier first target in our development of this approach. Most of the computations i n AWE are
standard matrix-vector operations, easily handled by basic affine
interval arithmetic. The new challenges in AWE are the need for
interval-valued LU decomposition for matrix solution, and interval polynomial root-finding. LU decomposition itself is nothing
more than a set of matrix-vector loops, with a few critical decision
steps, e.g., for pivoting. As we described earlier, all such decision steps on interval quantities simply compare the central values,
thus guaranteeing that the central point of the outcome, at least,
matches the nominal version of the algorithm. The same is true for
the Laguerre-based root finder we described in Section 2.2.
Let us also introduce some consistent terminology. We shall
again reserve the '-' symbol for interval-valued quantities. Consider a linear interconnect circuit where the resistance, capacifance,
and inductance are subject to both global and local variations with
correlations, in the forms of Equations 9-1 I , and the voltage and
current sources are assumed to be scalar, and deterministic. The
interval-valued modified-nodal analysis (MNA) formulation in the
frequency domain is

(a+s c ) O = b

-

2. fur IC = 1 , 2 , . . . ,2q-1

(12)

a,

where the interval-valued conductance matrix
interval-valued
susceptance matrix C , and scalar-valued excitation vector b are
defined as

In Figure 2, the interval-valued matrix 2 is first LU-factorized
using a standard Markowitz pivoting scheme, such that the subsequent matrix solves can be conveniently performed by only changing the right-hand-side (RHS) vectors, and then one forward and
backward substitution. LU decomposition is also used to find the
inverse of an interval-valued matrix column by column, each time
given the RHS vector.as the column vector of identity matrix. Steps
I, 2, 5 , and 8 use the interval-valued LU solve; step 6 uses the
interval-valued root-finding from [17, 181. As in the scalar case,
we use momenr shifting, which only adds some iterative loops to
step 2. and frequency shifring, which Scales interval-valued poles
and residues by a scalar constant, IO reduce the instability of our
results. For clarity, they are omitted in Figure 2.

3.2 Interval-ValuedPRIMA
Due to precision loss that occurs during moment calculations and
the inherent instability of Pad6 approximation, AWE may produce
inaccurate results or fictitious, unstable poles, even though the original interconnect circuit is actually stable. PRIMA is a projectionbased algorithm that is able to generate provably passive/stable
reduced-order models in the scalar case. Again, we use a standard
version of the PRIMA "recipe" and replace with interval-valued
computations. The MNA formulation is the same as that in Section
3.1.
Interval-valued PRIMA (or in s h z , inrPRIMA) constructs an orthonormal interval-valued matrix X that spans the interval-valued
Krylov subspace definedps

-

--I-

where A = -G C and P = -G b, by successively generatingqinterval-valuedmomentvectorsOli(k = 0,1, ... ,q-l),like
inrAWE. and filling in the columns o f z while maintaining its orthonormality.As
a result, the central points of interval quantities in
the basis of X are numerically better conditioned than the central
points of the interval-valued moment space in intAWE. inrPRIMA

--

N , Q, and g a r e the interval-valued matrices containing the stamps
for variational resistors, capacitors, and inductors, respectively. E
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of the multiplication example are replaced with newly created <I error symbols which capture (in a conservative sense) the range implications, but sever the perfect connection to the problem's original uncertainty terms.
The interplay of the original
and new. linearized (1 uncertainty terms is worth examining more closely, since it gives some
insights into the advantages and disadvantages of the overall approach. When considering variations in a standard transfer function representation, the root locus is the most traditional way of
illustrating the sensitivity of polesfzeros to parameter variation. As
a useful illustration, let us consider a synthetic 4th-order scalarvalued denominator

then projects the original variational interconnect system into a
reduced-order interval-valued system in the interval-valued Krylov
via congruence transformation [9]. Fisubspace spanned by
nally, the interval-valued poles and residues of the reduced-order
model are computed through eigendecomposition. Figure 3 gives
the details of inrPRIMA.

Z

1. solve GOO = b for 20;
-io)

2. 2"' = QO and orthonormalize X
3. f o r k = ^
1,2,. . . , q-I
solve GO, = - C Z L - ~for O k ;

-

-(k-l)

Os to X
-ik)
orthonormalize X
append

end

-T

;

p ( s ) = CO

;

^-

4. compute 2.' = X GX and
4

-T-

;

I

e' = X

AT..-

CX;

p ( S ) = CO+CiS+ (C2 +0.2CzE)SZ f

-T-

C4S4

(17)

(C3

fo.2c3E)s3 + u s 4 (18)

E is a single common uncertainty term shared between the two intervals. Let CO = 1.0000, CI = 0.1360, c2 = 0.0357, c3 =
0.0008, ca = 0.0001. and vary E with fi = 0 and U 20% relative to
the central values.

K,. -

1 t-

Figure 3: inrPRIMA algorithm.
infPRlMA again makes heavy use of standard interval-valued
matrix-vector operations, orthonormalization. and LU decomposition (see steps I, 2, 3, 4, I, 8, and 9 in Figure 3). We implement
an interval-valued version of modified Gram-Schmidt (MGS) orthonormalization procedure to orthonormalize 2 s to all intervalvalued vectors previously filled into X. However, the new challenge is the eigendecomposition in step 5. 2' is an interval-valued
upper Hessenberg matrix, and we implement an interval-valued
QR algorithm with implicit shifts to compute its all eigenvalues
- ^
-I
(Xi, Xz, . . . ,X q ) , after balancing A to improve its numerical condition. All the eigenvectors are then found by inverse iteration,
Again, eigendecomposition ends up in practice as a standard sequence of iterative matrix-vector operations, interspersed with some
critical decision steps, based on central values. We use as templates
the scalar versions of these algorithms from [17,21].

-

1

Figure 4: Comparison between scalar-valued root locus and
interval-valued root-finding using E only in (a), and using all
uncertainty symbols in (b).
The four curved lines in Figures 4.(a) and (b) show the motion

-

of the four poles in the complex plane if we solve numerically each

3.3 Interval-Valued Poles and Residues
Both infAWE and infPRIMA produce q pairs of interval-valued
poles and residues in the following form:

"

+ c*sz + c 3 2 +

Now replace cz and ca with a pair of perfectly correlated affine
intervals:

compute b = X band 1 = X 1 ;
^I
-,-I-,
-I
5 . let A = -G C and eigendecompose A ;
6. let the column ^vectors
of ^be the eigenvectors;
^
let = diag(X1, ~ 2 . ., . ,x~);
7. invert 11, . . ,A, to obtain poles;
8. solve G'G = for 8;
-=-+--I
9. obtain residues as -S 1 S 8.(poles);

X

+CIS

-

where pi.0 and k i , ~are the same nominal poles and residues as
those computed by deterministic AWE andlor PRIMA. E, fj =
1 , 2 , . . . ,n) is an uncertainty symbol originally associated with the
resistance, capacitance, and inductance in Equations 9-11. Q (1 =
1 , 2 , . . . , m) is a new uncertainty symbol created during affine approximations and assumed to be independent of ~ j Recall
.
that the
affine model is fundamentally a linear model of correlated range
z , ~ i ) ( C y = ,yioi)
uncertainties. Higher order terms, e.g.. the

(E:=,
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scalar polynomial we create via this sampling. Next, we replace
the coefficients cz and cg with real affine intervals as in Equation
18, and use the interval version of Laguerre's root finder to create
interval-valued roots. The result is a new set of intervals, with not
only the original E term, but with 19 new C uncertainties, representing linearized estimates of higher-order interactions. Figure 4.(a)
plots the pole motion (see the four curves) predicted if we ignore
all but the original single E value, varying it as before. The result
is a simplistic estimate of the real root locus. But, this result fails
in our original goal of providing an interval-valued solution which
bounds the range of final answers. Figure 44b) shows the comparison result if we include all of the 19 new uncertainties, sampling
them all. We show the convex hull of the set of samples for each
pole; a pair of correlated affine intervals by construction define a
range bounded by a 2-dimensional central-symmetric convex polytope (see 1141). The good news here is that this result does, to a reasonable extent, bound the real motion of the poles. Unfortunately,
this result also highlights the problem with all interval methods: the
ranges are not as tight as we might like. Linearized simplifications
of the high-order uncertainties are one major SOUICC of this discrepancy. Empirically, however, we find the case is rarely as bad as this
simple example with perfect correlation between a few terms. In
larger problems with more correlations, we usually see some fortuitous cancellation among terms, which helps mitigate the problem.
This simple example also provides insight into why questions of
passivity and stability for interval-valued models are so difficult. In

we compare with a MATLAB-based implementation of standard
AWE and PRIMA. This allows maximum trust in the various numerical steps in each algorithm, though it clearly penalizes the runtime of the nominal algorithm, compared with a custom UC++
implementation. For simplicity, we use 10,000 Monte Carlo samples for each combination of design case, global variation, local
variation, and number of uncertainty terms (i.e., correlated spatial
clusters). We show overall run times. mean and standard deviation
(std) of the resulting delay distributions, and comparisons between
the "ideal" MATLAB-based Monte Carlo solutions (MC-AWE and
MC-PRIMA in Tables 2 and 3, respectively) and our own intAWE
and intPRIMA approaches.
In columns 9-1 1 of Tables 2 and 3, the run-time speed-up, and
the errors of mean delay and standard deviation are defined as the
difference between the result of our interval-valued approach and
that of Monte Carlo simulation, normalized to the latter. It is easy to
see that both the mean delay and standard deviation errors for all the
experiment are less than IO%, even with variations of up to 35%.
On average, the mean delay error is 4.1% for intAWE and 4.9%
for intPRIMA. Empirically all the mean delay errors are positive;
intAWE and inrPRIMA are providing conservative approximations.
On average, the standard deviation errors are 5.6% and 5.9% for
intAWE and intPRlMA, respectively.
To pictorially demonstrate the accuracy of our interval-valued
approaches, we plot the probability distribution function (PDF) and
cumulative distribution function (CDF) for design4 with 5% global
variation, 30% local variation, and 16 initial uncertainty symbols.
In Figure 5 , the PDF and CDF given by our interval-valued approaches match very well with those given by Monte Carlo simulation, even though on average, the estimation errors for design4
are bigger than for other designs. Interestingly enough, the distribution of 50% delay is asymmetrical with a positive skew (mean
> median) and a long tail at the far end of distribution histogram
(see Figures 5.(a) and 5.(c)), although the parameter uncertainties
do follow normal distributions.

its original form, AWE did not guarantee either passive or stable
reduction; PRIMA remedied this difficulty. This problem for the
matrix perturbation approach of [I31 was resolved in 122,231 via a
careful coupling of the reduced variational model with a fast custom transistor level timing engine. Unfortunately, we cannot yet
say anything similarly formal for our interval-valued results. The
center points of our resulting intervals do behave as the nominal
versions of each algorithm, by construction. But the conservative
nature of range bounds, and in particular the difficulty of the linearized higher-order uncertainty approximations, means that any
pmicular sample from these interval ranges may not yield a stable/passive result.
In practice, we use some simple heuristics to remove obviously
erroneous results, e.g., unstable poles are simply omitted when they
are sampled, as are pole values which differ in sign from their
central value. The reason for this rule is more subtle. Affine intervals are, by construction, symmetric about their center points.
Conservative range bounds sometime create cases where the overall interval range straddles both the positive and negative real line,
even when one or other of these signs for the results is impossible (see [I41 for a more careful treatment of the problem). This is
another source of error for us in extracting useful interval-valued
poldresidue pairs. We note that, while some theory for the stability of interval-valued transfer functions does exist [I91 it does not
target the more useful correlated affine model. For simple classical
intervals, even the decision problem for stability is sometimes unsolvable. Thus, the real question we wish to answer is, empirically,
how well the affine intewals yield usable results.

4. EXPERIMENTAL RESULTS
The infAWE and intPRlMA numerical algorithms, together with
the affine arithmetic routines, were implemented in U C u and
tested using four RC(L) tree-like circuits with a unit step input
on a UNIX 1.OGHz machine. The numbers of RLC elements of
the four circuits are given in Table 1, We choose a number of uncertainty symbols ranging from 4 to 20 for Equations 9-1 I. Among
these symbols, one is assumed to originate from global variation
and is shared by all RLC elements. The rest of the symbols are assumed for local variations and are only shared by a cluster of RLC
elements that are "close enough to one another. In other words, for
the case of, say, 4 uncertainty terms, we partition each net-list arbitrarily into 4 groups, and assign the same uncertainty term to every
element in the group. Our algorithms and implementation can accommodate any number of global and local uncertainty symbols.
Note also that these are only the initial sets of Uncertainty symbols
and more new, distinct symbols will be created during the intervalvalued model order reduction process. Furthermore, we assume
three combinations for the relative n of global and local variations:
l5%/5%,5%/15%, and 5%/30%, given in the first columns of Tables 2 and 3.
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Figure 5: Comparison between interval-valued approaches and
Monte Carlo simulation for design4.
intAWE achieves an average of 18X run-time speed-up over MCAWE, and inrPRlMA 19X over MC-PRIMA. The run-time of inrAWE
and inrPRIMA increases with the number of uncertainty symbols,
while the
time of Monte Carlo simulation almost remains the
same, because 10,ooO vectors were used to sample any number of
uncertainty symbols (ranging from 4 to 20).
Two observed trends are worth mentioning here. First, we do not
observe more error for the test cases with more uncenainty terms.

Table 1: Numbers of R, C, and L elements for the four circuits.
We run 8th-order &AWE and intPRlMA to produce intervalvalued polelresidue pairs, and then sample the uncertainty terms
in these reduced models to create samples of the scalar-valued behavior of the circuit under variation. We analyze each resulting
scalar-valued result to find the 50% delay. To measure accuracy,
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Table 2: Comparison between MC-AWE and intAWE.

One explanation is that the affine intervals effectively capture the

els may be able to play a more central role in statistical design
and analysis. Our ongoing work focuses on understanding more
clearly the current sources of interval error in our approach, the
best mapping from intervals to statistics, and the optimal "boundary" between where it is advantageous to compute with intervals,
and where it is more efficient to stop, sample the intervals, and continue forward with a set of scalar valued models.

main correlations, and allow for significant empirical cancellation
among the uncertainty terms. Second, as expected, we do see more
error as the size of the interconnect circuit increases. Just as with
basic floating point calculations, a longer chain of calculations produces a less accurate result. The same is true for all interval-based
approaches. An important component of ongoing work is trying to
pin down more carefully where the most serious sources of misestimation occur, and what we might do about them. Nevertheless,
we regard the results of Tables 2 and 3 as a very satisfactov outcome for the firstfully interval-valued implementation of modem
model order reduction methods.
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5. CONCLUSIONS
The affine interval model, which allows us to represent and preserve first-order correlations among intervals, can be applied to
classical model order reduction techmioues for linear interconnect.
yielding compact, interval-valued models of reduced circuits. A
simple statistical interpretation of the resulting intervals allows us
to statistically sample these small reduced circuits and estimate the
distribution of delay for the original circuit. Preliminary results
are extremely encouraging, and suggest that interval-valued mod-
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mean (ps)

MC-PRIMA
std (ps) mn time ( 8 )
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Table 3: Comparison between MC-PRIMA and intPRIMA.
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